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ABSTRACT 
Analytical solutions for beam specimens used in fracture-mechanics testing of composites and 
adhesively-bonded joints typically use a beam on an elastic foundation model which assumes that a 
non-infinite, linear-elastic stiffness exists for the beam on the elastic foundation in the region ahead of 
the crack tip. Such an approach therefore assumes an elastic-stiffness model but without the need to 
assume a critical, limiting value of the stress, σmax, for the crack tip region. Hence, they yield a single 
fracture parameter, namely the fracture energy, Gc. However, the corresponding value of σmax that 
results can, of course, be calculated from knowledge of the value of Gc. On the other hand, fracture 
models and criteria have been developed which are based on the approach that two parameters exist to 
describe the fracture process: namely Gc and σmax. Here σmax is assumed to be a critical, limiting 
maximum value of the stress in the damage zone ahead of the crack and is often assumed to have some 
physical significance. A general representation of the two-parameter failure criteria approach is that of 
the cohesive zone model (CZM). In the present paper, the two-parameter CZM approach has been 
coupled mainly with finite-element analysis (FEA) methods. The main aims of the present work are to 
explore whether the value of σmax has a unique value for a given problem and whether any physical 
significance can be ascribed to this parameter. In some instances, both FEA and analytical methods are 
used to provide a useful crosscheck of the two different approaches and the two different analysis 
methods.  
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1. INTRODUCTION 
The prediction of crack growth in elastic systems using numerical schemes, such as finite-
element analysis (FEA), is generally done by assuming a fracture energy, or critical energy 
release rate, Gc, as described by the Griffith energy balance criterion. For some crack paths, 
the energy release rate can be computed using several methods such as virtual crack extension 
[1], virtual crack closure (VCC) [2,3], the stiffness derivative [4] and the contour integral 
methods [5]. In all but the last of these, the energy released is computed when nodes in the 
mesh on the crack line are loaded and then released. The forces involved depend on the 
scheme used but are unimportant in elastic systems, since no other energy dissipation is 
involved. Thus, any force per unit area versus separation relationship gives the energy release 
rate, G, and the computational method employed is chosen for convenience and dictated by 
such factors as numerical stability.  
 
 The force per unit area may be regarded as arising from the stress, σ, acting on the 
elements ahead of the crack tip for a given node displacement, δ. Thus, we have: 
 
 ∫= cc dG
δ δδσ0 )(  (1) 
 
  For linear-elastic systems, the stiffness relation, which is therefore implicitly assumed, 
gives the value of σ as: 
 
 

δσ E=   (2) 
 
where  is some characteristic length depending on the particular problem and the mesh size 
used in the numerical analysis. Fracture results in the value of σ falling to zero, from a 
maximum value, σmax, where: 
 
 

cEG22
max =σ  (3) 
and: 
 
E
Gc
c
22 =δ  (4) 
 
 It should be noted that analytical solutions for beam specimens used in composites [6] 
and adhesively-bonded joints [7] typically use a beam on an elastic foundation model which 
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gives 
2
h
= , for example, where h is the beam thickness, as will be discussed later. Such 
solutions again assume that a finite, linear-elastic stiffness exists for the beam on the elastic 
foundation in the region ahead of the crack tip; but a critical, limiting value of the stress, σ, is 
not inherently assumed. However, the corresponding maximum value of the stress, σmax, that 
results can again be calculated from a knowledge of the value of Gc as shown above in 
Equation (3). It is very important to note that the various numerical and analytical methods 
mentioned above which assume an elastic-stiffness approach without any assumption of a 
critical, limiting value of the stress, σmax, for the crack tip region yield a single fracture 
parameter, namely Gc; and whilst values of σmax and   may be readily ascertained they are not 
material properties.  
 
 On the other hand, fracture models and criteria have been developed which assume that 
two parameters exist to describe the fracture process: namely Gc and σmax. Here σmax is 
assumed to be a critical, limiting maximum value of the stress in the damage zone ahead of 
the crack and is often assumed to have some physical significance. Such two-parameter 
approaches have been catalysed by the problem of formulating elastic-plastic fracture 
mechanics solutions. The development of elastic-plastic fracture mechanics considers the 
existence of plastic yielding with a limiting value of stress, often taken to be the yield stress, 
σy, at the crack tip. For example, the Dugdale model [8] describes the fracture process as 
occurring at a constant stress of σmax ≡σy, such that: 
 
 yσδσ =)(  (5) 
and: 
 cycG δσ=  (6) 
 
Here all the energy dissipation is ascribed to local plasticity in a line zone ahead of the crack 
tip.  
 
 A more general representation of the two-parameter failure criteria is that of the 
cohesive zone model (CZM). This model was originally associated with damage processes in 
concrete, e.g. Hillerborg [9], and is also known as the embedded process zone [10], damage 
zone model or fictitious crack model [11]. In the CZM it is assumed that fracture occurs in a 
local process, or damage, zone in which the stress has a limiting value of σmax. When this 
value is reached locally a damage process occurs in which the stress falls to zero at some 
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displacement δc.  If σmax<σy, then gross plasticity will usually not be induced1 and the failure 
will be elastic but with a limiting stress of σmax.  For σmax>σy, then an additional zone of 
plastic energy dissipation will occur.  
 
 These two-parameter approaches result in a far more complex problem than the single-
parameter case, since there are now two fracture parameters which lead to many more 
possibilities. In general, the value of σmax is not known, so experimental observations must be 
examined (a) to see if they imply a limiting value of σmax when analysed in this way, and (b) 
to examine whether the value of σmax has any physical meaning. 
 
 The present paper sets out three case studies analysed using a cubic form of force per 
unit area versus separation curve [12,13] for the CZM. There is evidence that the detailed 
form of the traction versus separation curve is less important than the values of Gc and σmax, 
so the cubic form is simply chosen here for computational convenience. For this cubic form, 
as shown in Figure 1, we have: 
 
 2max )1(4
27
cc δ
δ
δ
δσσ −=  (7) 
and: 
 max0 16
9 σδδσδ ccc dG == ∫  (8) 
 
In the examples studied in the present paper there are only small shear tractions in the damage 
zones and these are accommodated in the analysis by the use of a potential function and by 
assuming that the value of Gc remains the same for all loading. Unloading in the zone was 
assumed to be reversible for σ<σmax but irreversible for σ>σmax. In the present paper, the two-
parameter CZM approach is coupled both with finite-element analysis (FEA) methods, and to 
a lesser extent with analytical methods.  
 
 The main aims of the present work are to explore whether the value of σmax has a unique 
value for a given problem and whether any physical significance can be ascribed to this 
parameter. In some instances, both FEA and analytical methods are used to provide a useful 
crosscheck of the two different analysis methods and of the two different approaches being 
                                                 
1 It should be noted that the peel test discussed in Section 4 is one in which gross plasticity 
occurs even when σmax<σy; this results from plastic deformation associated with the bending 
of the peel arm as it is detached from the rigid substrate. 
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investigated, i.e. the elastic-stiffness and the critical, limiting maximum stress, σmax, CZM 
approaches.  
 
2.  FIBRE COMPOSITES: THE DOUBLE CANTILEVER-BEAM (DCB) SPECIMEN 
2.1 Introduction 
Delamination in fibre-composites materials, which typically consist of long fibres embedded 
in a polymeric matrix, is frequently studied [6] by employing the double-cantilever beam 
(DCB) specimen, shown in Figure 2. Indeed, this type of linear-elastic fracture-mechanics 
(LEFM) test specimen is described in several international test standards, e.g. [14], and using 
the DCB test specimen allows the Mode I (tensile-opening) interlaminar fracture energy, Gc, 
of the material to be determined. 
 
 The composite studied in the present work was a unidirectional carbon-fibre composite 
based upon an epoxy matrix. The longitudinal modulus in the fibre direction was E1=137 GPa 
and the value of the modulus transverse to the fibre direction was E2=8 GPa and the shear 
modulus was μ=4 GPa.  The experimental results from the fracture studies using this material 
have been given previously [15] and only the data needed to enable comparisons to be made 
with the theoretical studies are given in the present paper. 
 
2.2 Analytical Studies  
The test method consists of simultaneously measuring the load, displacement and crack 
length, as the crack propagates stably through the specimen. The crack growth is initiated 
from a sharp starter-crack and a typical load versus displacement trace for the DCB test 
specimen is shown in Figure 3. For linear-elastic behaviour of the DCB test specimen, the 
initial compliance, Co, of the specimen, prior to crack growth, is given by [6]:  
 
3
1
38
bhE
]a[
P
uC oo
∆+
==  (9) 
where u is the load-line displacement, P the load, b the width, h the thickness of each arm and 
ao is the initial crack length measured from the load point. For any subsequent crack length, 
the compliance, C, at the corresponding value of a is given by:
 
3
1
38
bhE
]a[
P
uC ∆+==  (10) 
The term ∆ is a length correction made to the crack length and accounts for the local 
deformation beyond the crack tip; i.e. for deflection and rotation at the crack tip since the 
beam does not act as a built-in beam at the crack tip, as would be assumed by simple (i.e. 
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uncorrected) beam theory. For the anisotropic-elastic case and using a linear-elastic stiffness 
approach [16], the value of ∆ is given by: 
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µ
2118.1
EE
=Γ    
  
 The value of ∆ and value of the maximum stress, σmax, which results from this linear-
elastic stiffness approach are largely independent of the form of any assumed traction versus 
separation curve and are related via [17]: 
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 The second term on the right hand side of the above expression gives the contribution 
of shear deformation in the beam. The term Gc  is the interlaminar fracture energy and as a 
consequence the values of ∆ in Equation (12) refer to the conditions at crack initiation and 
beyond.  
 
 The value of Gc  may be deduced from the standard LEFM equations using the simple 
beam equations, but corrected for the local deformation beyond the crack tip via the inclusion 
of the term ∆, such that [6, 14]: 
 
 
2 2 2
c 2 3
1
P dC 12P ( a )G
2b da E b h
∆+
= =  (13) 
 
where a is the corresponding length of the propagating crack. The term ∆ may be regarded as 
the effective length of the damage zone beyond the crack tip, since it corrects for the 
deformations arising from both σmax and elasticity.   
 
 Since E1 is often unknown and P, u and a are measured, an alternative form of the 
corrected beam theory expression for Gc is often used by substituting for E1 from Equation 
(10) into Equation (13) to give: 
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The value of ∆ is typically found experimentally by measuring the compliance, C, and then 
from plotting C 1/3 versus a [6, 14]. The intercept at C 1/3  = 0 yields the value of ∆, as may be 
seen from Equation (10). 
 
 It should be noted that Equation (10) might also be used to remove the term (a + ∆) 
from Equation (13), which gives: 
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Thus, for a constant Gc value, then 2/1)/( −∝ ubP , and this relation is independent of ∆. 
Hence, during the crack propagation phase, there will be a single P versus u curve for any 
value of ∆. (On the other hand, it should be noted, from Equation (9), that when values of P/b 
are plotted versus u then the initial compliance of the DCB specimen for a = ao, i.e. prior to 
crack initiation, will be dependent on ∆. This aspect is discussed in more detail below when 
the results from the CZM/FEA studies are presented.) 
 
 The experimental data for the DCB test are shown in Figure 3 and were analysed as 
described above and, using Equation (15), gave a constant value for Gc = 257 J/m2. Now, the 
value of the length correction, ∆, may be determined via several routes. Firstly, the value of ∆ 
was determined from compliance measurements made during crack propagation, by plotting 
C 1/3 versus a [6, 14], as discussed above and see Equation (10), and was found to be 6.3 mm. 
Secondly, the initial, measured compliance of the DCB specimen in Figure 3 is 1.17 x 10-2 
mm/N which, using Equation (9), gave ∆ = 4.2 mm. Indeed, the initial compliance, Co, 
deduced using Equation (9) with ∆ = 4.2 mm is shown in Figure 3 and is in very good 
agreement with the experimental values. Thirdly, the theoretical anisotropic-elastic analysis, 
Equation (11), which also is applicable to the initial loading of the specimen, gives ∆ = 3.2 
mm, and this is in reasonable agreement with the above value. Taking the value of ∆ = 4.2 
mm from the experimental results therefore suggests that on initial loading little damage 
develops ahead of the crack tip and, from Equation (12), the local maximum stress, σmax, 
which results is indeed relatively high with a value of about 29 MPa. During subsequent crack 
propagation, more significant damage develops ahead of the crack tip and the value of ∆ is 
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found to increase to 6.3 mm, as noted above, and the corresponding value of σmax falls to 
about 9.5 MPa.  
 
2.3 Finite Element Analysis Studies 
The same problem as shown in Figure 3 was analysed using the ‘ABAQUS’ FEA code with 
the two-parameter CZM approach; and the cubic form of traction versus separation curve was 
employed, see Figure 1. In the numerical analysis, displacement control is applied, employing 
the line search approach in ‘ABAQUS’. The CZM elements are located along the crack 
growth direction from the tip of the initial crack to the end of the specimen. Automatic 
solution procedures were adapted which led to relatively small displacement increments. In 
the present work, 8×800 4-node bilinear, incompatible modes (CPE4I) elements have been 
used in the entire FEA model except for the cohesive elements. The experimentally measured 
value of Gc of 257 J/m2 was used in the CZM/FEA studies. 
  
 It is well known that there can be mesh size effects in such a CZM/FEA approach, as 
demonstrated in Figure 4. Here the element size in the cohesive zone was varied, using 
σmax=50 MPa and Gc=257 J/m2, and the force versus displacement relationship for the DCB 
test specimen was predicted for both initial loading and crack propagation. For a cohesive 
element size of 0.5 mm, there were seven elements in the damaged region and the 
experimentally behaviour could not be reproduced and there were also considerable numerical 
instabilities. Although for cohesive element sizes of both 0.05 and 0.005 mm (i.e. 
corresponding to 72 and 720 elements in the damaged region) the CZM/FEA results are in 
reasonable agreement with the experimental results, for the cohesive element size of 0.05 the 
program crashed during the propagation phase. Thus, the CZM/FEA studies reported here 
were run with an element size of 0.005 mm. 
 
 The effects of using various critical, limiting maximum stress, σmax, values in the 
CZM/FEA approach are explored in Figure 5, where the predicted changes in the load, P, 
versus displacement, u, curve for the DCB test for a range of values of σmax from 0.1 to 30 
MPa are shown. Several noteworthy points emerge from the results shown in Figure 5 and are 
discussed below.  
 
2.4 Comparison of Analytical and CZM/FEA Results 
Firstly, from the results shown in Figure 5 for the CZM/FEA approach, for very low values of 
σmax, there is some non-linearity of the initial values of P versus u, since the corresponding 
value of ∆ is large. For example, when σmax =0.1 MPa, the value of ∆ is 54 mm for a 
corresponding crack length of 22 mm, and simply adding the values of ∆ and a is not accurate 
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for these extreme conditions. This is in agreement with the above analytical studies when the 
term σmax is introduced and so can be specified, as may be readily seen by combining 
Equations (12) and (9). 
 
 Secondly, the CZM/FEA results reveal that the P versus u relationship for crack 
propagation is independent of the choice of the value of σmax. Again this agrees completely 
with the analytical results, as discussed above, and see Equation (15).  
 
 Thirdly, a comparison of the experimental data with the predictions from the CZM/FEA 
studies suggest an initial value of σmax = 30 MPa, whilst for crack propagation a value of 
about 10 MPa is satisfactory. (Of course, as noted above, for crack propagation in the DCB 
specimen, the load versus displacement curve is independent of the value of σmax; but the 
crack initiation point is dependent upon the chosen value of σmax, see Figure 5.) These values 
of σmax from the CZM/FEA approach are in good agreement with those which result from the 
analytical equations based upon the linear-elastic stiffness approach, see Section 2.2 above. 
However, these values of σmax are somewhat lower than might be expected by a comparison 
with the likely transverse tensile strength [18] of the fibre-composite material, i.e. about 45 to 
60 MPa; especially for the value of σmax ≅ 10 MPa associated with crack propagation. Hence, 
a clear physical interpretation of these values of σmax is not immediately obvious, which may 
be of little consequence in the case of the linear-elastic stiffness approach but is more 
disturbing in the case of the critical, limiting maximum stress, σmax, approach. 
  
 Fourthly, a further verification of the analytical and FEA methods is provided by noting 
that from the crack initiation points in Figure 5 for the various σmax values, as predicted from 
the CZM/FEA studies, the effective values of ∆ can be found. To undertake these calculations 
of the values of ∆, the crack initiation points shown on Figure 5 were defined as the load, and 
corresponding displacement, when the first element separates in the CZM/FEA method. 
These so-defined initiation points are shown for various values of the critical, limiting 
maximum stress, σmax, in Figure 5. The initial compliance, Co, of the DCB specimen, for a = 
ao = 22 mm, was then deduced by assuming a linear relation from the origin to the initiation 
load and displacement. This value of Co was used in Equation (9) to calculate the value of ∆. 
The results for ∆/h so obtained from the CZM/FEA approach are shown in Figure 6 as a 
function of logσmax. Also, shown in Figure 6 are the theoretical predictions from the analytical 
method based upon a linear-elastic stiffness approach which involves the resulting stress, 
σmax, i.e. Equation (12). For the values used here the relationship between ∆ and σmax is given 
by: 
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As may be seen from Figure 6, the agreement between the CZM/FEA method and those from 
the analytical method is very good; and both demonstrate the tendency to a lower-plateau 
value for the value of ∆/h for the shear-dominated situation, i.e. 76.1/ =∆ h  for large σmax 
values. 
 
3. ADHESIVELY-BONDED JOINTS: THE TAPERED DOUBLE CANTILEVER 
BEAM (TDCB) SPECIMEN 
3.1 Introduction 
Tapered-double cantilever-beam (TDCB) joints, see Figure 7, are widely used to measure the 
adhesive fracture energy, Gc, of adhesives via a LEFM analysis. The TDCB specimen was 
first proposed by Mostovoy et al. [19] and has a several distinct advantages over the DCB for 
fracture mechanics testing of adhesive joints [20]. The profile of this beam has been chosen 
so that the energy release rate, G, remains constant for a long length of crack propagation for 
a fixed load. The curved geometry gives a linear change in compliance and hence dC/da 
remains constant. Thus, the value of the adhesive fracture energy, Gc, can be determined by 
knowing the load but without requiring any knowledge of the crack length, a. 
 
 Adhesively-bonded TDCB joints were manufactured using substrates consisting of a 
relatively high yield-stress aluminium-alloy [20]. A rubber-toughened, structural epoxy-paste 
adhesive was employed. Beams were manufactured using a CNC milling machine to produce 
a constant geometry factor, m=2mm-1 where m=
2
3
3a
h
. The dimensions of the TDCB 
specimen are shown in Figure 7. All the substrates were surface treated such that crack 
propagation occurred cohesively in the adhesive layer. The thickness of the layer of epoxy-
paste adhesive was controlled during manufacture using 0.4 mm diameter wire inserts.  A 
poly(tetrafluoroethylene) (PTFE) film of thickness 12.5 μm was inserted into the adhesive 
layer at the loading end to create an initial crack.  Typically this extended about 80 mm from 
the loading line. 
 
 It should be noted that the definition of the geometry factor, m, above ignores the shear 
correction term, 1/h. This simplification allows the simple beam equations to be readily 
integrated and enables a scheme to be proposed to account for the deflection and rotation of 
the beam at the crack tip in the TDCB specimen, analogous to that derived above for the DCB 
specimen. For the beams used in the present work, the error in the calculated value of Gc 
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imposed by this simplification was -2% for a crack length of 100mm and -1.3% for a crack 
length of 200mm, which represents the typical extent of crack propagation observed in such 
tests. 
 
3.2 Analytical Studies 
The beam arms are profiled to give a linear dependence of compliance on crack length but for 
practical reasons a short parallel section is used (see Figure 7) of length xo, so that the 
specimen can be loaded. From simple beam theory the compliance function is [20]: 
 
 o
u 8m 2C a x
P Eb 3
 = = − 
 
  (17) 
   
 where: 
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=  (18) 
 
and hence the value of Gc may be determined from: 
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where E is the modulus of the substrate material forming the arms of the adhesively-bonded 
specimen. It should be noted that a constant value of Gc implies a constant load for crack 
propagation.  
 
 Corrections to the simple beam theory are necessary, as in the parallel beam (i.e. the 
DCB) case discussed above, for root rotation at the crack tip. For the isotropic case, from 
Equation (11) with ν=0.3, we have from the linear-elastic stiffness approach: 
 
 67.0=∆
h
 (20) 
i.e.:    
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and the compliance of the TDCB specimen is now given by:  
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Hence, the value of Gc may be deduced from: 
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and it may be noted that from Equation (21) that the last term in the above equation may be 
expressed by: 
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The above approach to applying the corrections for root rotation effects is based upon a 
linear-elastic stiffness model of the region ahead of the crack tip, again based upon a beam on 
an elastic foundation concept.  
 
  If we wish to ascertain the corresponding resulting maximum stress, σmax, then ignoring 
the small shear correction, Equations (12) and (18) yield: 
  
 22
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4 2 a
m
EGc
σ
=∆   (25) 
 
 Finally, it is noteworthy that Equation (25) may be used to study the effect of 
specifying the value σmax, as would be relevant when using a critical, limiting maximum stress 
approach. This may be done by introducing Equation (25) into Equation (22) to eliminate ∆, 
and then differentiating and combining with Equation (19), which gives: 
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where the last term is given by: 
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 Now, if one compares the analytically-derived equations, i.e. Equations (23) and (26), 
from the two different approaches for determining the value of Gc, then clearly only the last 
terms are slightly different. Thus, it should be noted that the two different approaches do not 
necessarily yield the same results from a given set of experimental data. Considering firstly 
the linear-elastic stiffness approach, from Equation (24), if we take the typical values of m = 
2mm-1 with the crack length, a, in the range of 80 to 180, then the value of 
a
∆
3
2
is about 0.1. 
The value of Gc can be deduced from Equation (23), and ignoring the ∆ correction can lead to 
errors of about 10% in the value of Gc. However, generally, this relatively small correction 
will not change the observation that, for a fixed value of Gc, the crack will propagate at under 
constant load condition. Secondly, however, if the critical, limiting maximum stress approach 
is adopted, then Equation (26) is the relevant equation for calculating the value of Gc and the 
last term is now 
a
∆
2
1
 and is given by Equation (27), where, of course, various values of σmax 
might be specified. The effects of ignoring this correction term are now dependent upon the 
value of the critical, limiting maximum stress, σmax, specified. Nevertheless, the form of the 
correction in embodied in Equations (26) and (27) is such that, once the value of σmax is 
relatively high, say greater than about 50 MPa, the correction term becomes increasingly 
small and all higher values of σmax give an equally sensible fit to the experimental data. This 
means that fitting Equation (26), together with Equation (27), to the experimental data for an 
assumed Gc value is not a reliable way of trying to fix the value of σmax  with any degree 
certainty.   
  
3.3 Finite Element Analysis Studies 
In the numerical analysis of the TDCB specimen, displacement control is again applied with 
the line search approach in ‘ABAQUS’. The CZM elements are located along the crack 
growth direction from the tip of the initial crack to the end of specimen. Automatic solution 
procedures were adapted which led to relatively small displacement increments. 4-node 
bilinear, plane strain (CPE4) elements being used in the entire FEA model except for the 
cohesive zone elements (see Figure 8).  
 The adhesive fracture energy, Gc, for the crack to grow cohesively through the adhesive 
layer of the TDCB was determined, using Equations (20) and (23), to be Gc=598 J/m2; and this 
value was used in the CZM/FEA analysis. The aluminium-alloy substrates were modelled as 
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linear-elastic materials with a Young’s modulus of 70 GPa, and a Poisson’s ratio of 0.3. The 
epoxy adhesive, with a thickness of 0.4 mm, was also modelled as an elastic layer with a 
Young’s modulus of 4.0 GPa, and a Poisson’s ratio of 0.4. 
 
 The CZM/FEA results, together with the experimental data, are shown in Figure 9. The 
various results for different values of the critical, limiting maximum stress, σmax, used in the 
CZM approach show the expected dependence of both the initial compliance and propagation 
values on σmax. The results suggest that a value of about 30 to 50 MPa for σmax gives a good 
representation of the values for both the initial compliance and the load for crack propagation. 
They also reveal that it is not possible to fix the value of σmax with any greater degree of 
certainty by simply comparing the CZM/FEA results to the experimental data. It is of interest 
to note that this value of the critical, limiting maximum stress, σmax, is approximately 
equivalent to the uniaxial tensile yield stress of the adhesive layer. Unfortunately, it should be 
noted that the CZM/FEA approach could not be used with specified σmax values greater than 
about 50 MPa due to numerical stability problems. If lower values of σmax are specified, then 
both the stiffness and the resulting load per unit width, P/b, for crack growth decrease.  
 
3.4 Comparison of Analytical and CZM/FEA Results  
The analytical method may also be used to explore the critical, limiting maximum stress, σmax, 
approach via Equations (22) and (26), specifying the σmax value via Equation (27), as noted 
above, and the results may then be compared to those obtained using the CZM/FEA method. 
For example, using Equations (22), (26) and (27) and specifying a value of σmax = 50 MPa 
gives an excellent fit to the initial compliance of the specimen and to the measured load per 
unit width for crack propagation. Also, if the value σmax is increased, then there is no great 
change in the values of these parameters. However, as the value of σmax is decreased from 
about 50 MPa to values of only a few MPa, then the predicted stiffness of the specimen and 
the load per unit width for crack propagation markedly decrease. These equations from the 
analytical method reveal the same trends as discussed above for the CZM/FEA method. 
Furthermore, both of these methods which use the critical, limiting maximum stress, σmax, 
approach suggest that a suitable value of σmax ≅ 50 MPa, giving a constraint factor of about 
unity with respect to the uniaxial yield stress of the adhesive. 
  
4.  ADHESIVELY-BONDED JOINTS: THE 90º PEEL TEST 
4.1 Introduction 
The test arrangement for the peel test [21] is shown in Figure 10. A flexible strip is pulled to 
give a steady-state, i.e. a constant, load, P, whilst debonding and a sliding trolley ensure that 
the peel angle is always maintained at a constant 90º. A simple work-done analysis gives the 
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total strain-energy release rate, G, as P/b where b is the width of the strip. If the strip remains 
elastic, then this is equivalent to the true fracture energy, Gc, but in many cases the strip 
deforms plastically in bending during the test and G consists of the true value plus the 
contribution due to plastic work, Gd, [22]: 
 
 c dG G G= +  (28) 
 
 Much effort has been devoted to determining the value of Gd analytically [22-24], and 
recently the CZM/FEA approach has been used [25,26].  
 
 Here we will illustrate the problems encountered by attempting to model a particular case 
of a 1.0 mm thick strip of aluminium alloy (Grade 5754) peeled from a substrate to which it is 
adhered by a 0.4 mm thick layer of a rubber-toughened epoxy adhesive. The aluminium-alloy 
peel arm was modelled as an elastic-plastic material with a modulus, E, of 69 GPa and a work 
hardening coefficient, N, such that the material’s stress, σ, versus strain, ε, curve was given 
by the relationship: 
 
 NAε=σ  (29) 
 
such that: 
 
y
y
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y
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ε
ε
σ=σ
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where E, σy and εy are the Young’s modulus, yield stress and yield strain respectively. For the 
aluminium alloy, the value of A was taken to be 368 and the value of N was to taken be 0.22, 
with the units of σ  being MPa and the strain being the fractional strain; the values of E and εy 
were 69 GPa and 1.22 x 10-3 respectively. Equations (29) and (30) were found to provide an 
excellent description of the material’s stress versus strain curve. A load per unit width, P/b, 
versus displacement curve was obtained from the peel test, as shown in Figure 11, and a 
constant, steady-state, load of 5400 N/m was measured for crack propagation. The 
computation of Gd for this case will now be reviewed. 
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4.2 Analytical Studies 
The local bending at the root of the peel test is shown in Figure 12 and the important factor is 
the local rotation, θo. This is given by ∆ and the local value of the curvature, Ro, of the peel 
arm such that [22]: 
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oo
o R
h
hR
θ  (31)  
 
In this case, the loading analysis is conducted in terms of the parameter k [22] given by: 
 
 
o
p
R
R
k =   (32) 
where Rp is the radius of curvature at first yield in bending, i.e.: 
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p
hR
ε2
=   (33) 
 
 and:   
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Generally k>>1 so that substantial plastic deformation occurs. The analysis is somewhat 
complex, but the 90˚ case analysed here can be approximated [22] by: 
   
 GˆG)(G od −θ−= 1  (35) 
i.e.:    
 GˆGG oc +θ=  (36) 
 
where: 
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and:    
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 If the effects of shear are neglected, then the solutions to the above equations from the 
stiffness approach for root-rotation corrections may be deduced, since: 
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where Ea is the adhesive modulus and ha is the thickness of the adhesive layer. The 
corresponding value of σmax may be deduced from: 
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 In the above analysis we have assumed that a finite, linear-elastic stiffness exists for the 
beam on the elastic foundation in the region ahead of the crack tip; but a critical, limiting 
value of the stress, σmax, is not inherently assumed. Using the above analysis with Ea= 4 GPa 
then ∆/h=1.25; and with 5400 J/m2 for the measured G value (see Figure 11), then Gc = 872 
J/m2 and the resulting value of σmax from the analytical solution (i.e. Equation (40)) is 127 
MPa. This is a sensible value for Gc for the epoxy adhesive used in the tests which, with the 
yield stress, σay, of the adhesive of about 50 MPa, gives a constraint factor [27, 28] of about 
2.5 for σmax/σay. The fracture energy, Gc, of this adhesive has also been measured 
independently from LEFM TDCB tests and found to be 1080±100 J/m2. Thus, the value of Gc 
from the elastic-plastic peel test and the LEFM TDCB test are in reasonable agreement and 
the resulting value of σmax  can be interpreted as being a constrained yield stress.  
 
4.3 Finite Element Analysis Studies 
An ‘ABAQUS’ FEA code was also used to analyse this problem and the details are given 
elsewhere [29]. Again note that the cubic form of the traction versus displacement separation 
law has been used to model the damage zone with a critical, limiting maximum stress, σmax, 
which is an inherent feature of the CZM approach, see Figure 1. For the FEA studies, it is 
sufficient to note that quadrilateral four-noded isoparametric elements in plane strain (CPE4) 
have been used through the entire model, except for the cohesive elements. In the numerical 
analysis of the peel test, displacement control is applied with the line search approach in 
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‘ABAQUS’. The displacement is applied incrementally in the vertical direction from the start 
of loading of the peel arm and remains in this direction through the peeling process. After 
convergence at the end of each increment, the reaction force and displacement at the load 
point is recorded. The boundary conditions are applied to the model in a way which prohibits 
rigid body motion of the work piece in the x- and y-directions. These have been achieved by 
putting rollers on the lower face of the substrate hence fixing it in the y-direction and fixing 
the edge of the peel arm near the load point in the x-direction. In these studies, the adhesive 
was taken to be an elastic material with a modulus, Ea, of 4 GPa and the stress versus strain 
curve of the aluminium-alloy peel arm was modelled as described above using a work 
hardening coefficient of N = 0.22. 
   
 The experimental data together with the predictions from the CZM/FEA approach for 
various combinations of Gc and σmax for the aluminium-alloy peel arm are shown in Figure 11. 
Considering the CZM/FEA predictions, then as shown in Figure 11 there are several pairs of 
values of Gc and σmax which will give a very good fit to the experimental results for the 
steady-state peel load. For example, we have found that Gc=1050 J/m2 with σmax=50 MPa; 
Gc=1120 J/m2 with σmax=40 MPa; and Gc=1200J/m2 with σmax=30 MPa are all in very good 
agreement with the experimental values. (Higher values of σmax than about 50 MPa could not 
be specified in the CZM/FEA approach due to numerical stability problems being 
encountered at these higher values.) Hence, as for the TDCB tests, see Section 3.3, to ascribe 
a definite value to the adhesive fracture energy, Gc, requires the value σmax to be known 
independently. 
 
4.4 Comparison of Analytical and CZM/FEA Results 
The earlier analytical solutions, which were based on the linear-elastic stiffness approach, can 
be re-formulated so that they involve the term σmax, and can therefore be used as the basis of a 
critical, limiting maximum stress approach, but now via an analytical method. This can be 
undertaken by using Equations (31) to (38), but substituting for ∆ from Equation (40), so that 
the value of σmax  is now specified. 
 
 It is found that the dual solutions noted above from the CZM/FEA studies also now 
arise in the analytical solutions which involve the term σmax. This is to be expected since the 
two fracture criteria, i.e. Gc and σmax, are determined by only one parameter, G. The solution 
may be written as: 
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where: 
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For the peel test analysed above, we have Y=0.019, and hence we have: 
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 For the three values of σmax used in the CZM/FEA studies, i.e. 30, 40 and 50 MPa, the 
Gc values may now be deduced from the analytical Equations (41) to (46); since these 
equations effectively yield a critical, limiting maximum stress approach as the value of σmax 
may be directly specified. The calculated values of Gc are 1290, 1190 and 1104 J/m2, 
respectively. These values are approximately 7% different from the corresponding values of 
Gc from the CZM/FEA studies, see Section 4.3. The inverse comparison, i.e. inputting the 
values of Gc obtained from the CZM/FEA method into the analytical equations and deducing 
the values of σmax, gives differences of about 20% from the corresponding values of σmax from 
the CZM/FEA studies, due to the nature of the dependence between σmax and Gc. Thus, the 
analytical approximate and the CZM/FEA methods give sensibly the same results for the 
critical, limiting maximum stress approach. Further, it is of interest to note that these values 
of the critical, limiting maximum stress, σmax, are approximately equivalent to the uniaxial 
tensile yield stress of the adhesive layer, so giving a constraint factor of about unity. 
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Nevertheless, at the present time it is not possible to state whether the values of σmax ≅ 50 MPa 
from the critical, limiting maximum stress approach, which give a constraint factor of about 
unity with respect to the adhesive layer, are (a) correct, (b) physically meaningful and/or (c) 
represent a ‘characteristic material’ fracture criterion.  
 The LEFM TDCB value of Gc for this adhesive, using the commonly-employed linear-
elastic stiffness approach (i.e. Equations (23) and (24)), is 1080±100 J/m2 and this value is 
clearly in good agreement with the above-calculated values of Gc. Also, from Equations (21) 
and (25), and allowing for the presence of the adhesive layer [30], this value of Gc of 1080 
J/m2 results in a σmax value in the range of 70 to 95 MPa. The value of σmax is not an essential 
feature of this approach but it is noteworthy that they are similar in magnitude to the values of 
σmax deduced above, as well as with the value of σmax from the different set of TDCB tests but 
for a similar adhesive, reported in Section 3.3. Thus, again the value of the term σmax suggests 
a constraint factor of about 1 to 1.5, with respect to the yield stress of the adhesive layer. 
 
 Finally, it was calculated above, see Section 4.2, that the linear-elastic stiffness 
approach for the peel test shown in Figure 11 gives values of Gc and σmax of 872 J/m2 and 127 
MPa, respectively. This value of Gc is in reasonable agreement with the above values. 
However, the resulting value of σmax of 127 MPa is somewhat higher than the values of σmax 
needed to give equivalent values of Gc from the peel tests or the TDCB tests; when using the 
critical, limiting maximum stress approach coupled with either the CZM/FEA or the 
analytical method. Again, it is worthy of comment that the value of σmax  resulting from the 
linear-elastic stiffness approach is not an essential feature of this approach, and is of no 
physical consequence.  
 
5.  CONCLUSIONS 
The results from all three cases show that the CZM approach, which embodies a two-
parameter fracture criterion, works well for modelling fracture processes, but care is 
necessary in its application. In the CZM approach two parameters exist to describe the 
fracture process: namely Gc and σmax, where σmax is assumed to be a critical, limiting 
maximum value of the stress in the damage zone ahead of the crack and is often assumed to 
have some physical significance. In the present paper, the CZM approach has been coupled 
mainly with a finite-element analysis (FEA) method, but at times also with an analytical 
method to provide a useful crosscheck on the results. 
 
 For the elastically-dominated cases of the composite DCB specimen and the 
adhesively-bonded TDCB specimen, the comparisons with the analytical solutions based 
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upon a linear-elastic stiffness approach (where only a single fracture parameter, Gc, was 
assumed and the value of σmax that results is merely a ‘feature’ of the modelling) and the 
experiments were good. The CZM/FEA approach also yielded information on the possible 
values for the critical, limiting maximum stress, σmax. However, even in these cases, mesh size 
effects can be important and the inclusion of a critical, limiting maximum stress did affect the 
predictions for most of the elastic cases. For example, the values of the specimen compliance 
and of Gc were usually dependent upon the choice of the value for σmax until a relatively high 
value of σmax was specified, when the dependence significantly diminished. Indeed, a further 
complication was that, even in these relatively straightforward cases, a clear physical 
interpretation of the values of σmax was not immediately obvious.  
 
 For the example of the peel test, which involves plastic deformations, there are several 
problems. The two-parameter fracture criterion approach, via the CZM/FEA approach, leads 
to the definitive conclusion that there is a lack of uniqueness in the results, which leads to 
pairs of Gc and σmax values giving the same steady-state peeling load. This was confirmed by 
using the analytical method to also model the critical, limiting value of the stress, σmax, 
approach. A second piece of experimental information, such as the damage zone length or 
fracture displacement, will be necessary to define the solutions for the absolute, unequivocal 
values of Gc. However, the predicted values of Gc from the analytical studies and from the 
CZM/FEA methods appeared to be in good agreement. Finally, there also appeared to be 
meshing problems in the FEA method that probably arise from the slender-beam bending 
problem. 
 
 The values of Gc from the peel test were also in good agreement with the values of Gc 
the corresponding LEFM TDCB tests. Notwithstanding, it was noteworthy that the values of 
σmax resulting from the ‘stiffness-based’ analytical approach and from the critical, limiting 
maximum stress value of σmax, which were associated with the respective values of Gc, were 
not identical. Of course, the value of σmax  resulting from the linear-elastic stiffness approach 
is not an essential feature of this approach, and is of no physical consequence. Nevertheless, 
the resulting values of σmax from the linear-elastic stiffness approach were invariably higher in 
value than those that needed to be specified in the critical, limiting maximum stress approach. 
The values of σmax from the former approach being typically of the order of 75 to 125 MPa, 
whilst from the latter approach they were about 50 MPa. Thus, at the present time it is not 
possible to state whether the values of σmax ≅ 50MPa from the critical, limiting maximum 
stress approach, which give a constraint factor of about unity with respect to the adhesive 
layer, are (a) correct, (b) physically meaningful and/or (c) represent a ‘characteristic material’ 
fracture criterion.  
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 Thus, in summary, the values of σmax from the two different approaches, which do differ 
and represent constraint factors of between about one to three, all give values of Gc which are 
sensible and in very good agreement from the various types of elastic-plastic and LEFM test 
geometries; and the values of Gc are not dependent upon whether an analytical or a FEA 
solution is adopted. This relatively good agreement of Gc values, but which are associated 
with somewhat different σmax values, arises because of the nature of the typical dependence 
between Gc and σmax; since significant variations in the value of σmax do not have a major effect 
on the corresponding value of Gc. This is explored in more detail for the peel test in a 
subsequent paper [28] but whether this is generally the case has yet to be ascertained. Finally, 
this observation does not distract from the earlier comment that a second piece of 
experimental information, such as the damage zone length or fracture displacement, will be 
necessary to define the solutions for the absolute, unequivocal values of Gc when a two-
parameter cohesive zone model is employed. 
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Figure 1  The cubic polynomial traction versus separation law used for the cohesive zone 
model. 
 
Figure 2 Sketch of the double-cantilever beam (DCB) test for a carbon-fibre 
reinforced-plastic (CFRP) material. 
 
Figure 3 Load versus displacement relationship for the CFRP DCB test specimen. 
Points are experimental and the solid line is the theoretical initial stiffness 
from the analytical approach, Equation (9). (Initial crack length, ao = 22 mm.) 
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Figure 4 Effect of mesh size on the load versus displacement relationship for the CFRP 
DCB tests as predicted via the CZM/FEA approach. The thickness, h, of the 
arm is 1.55 mm, and the size of the cohesive elements are 0.5, 0.05 and 0.005 
mm corresponding to 7, 72 and 720 elements in the damaged zone. (In the 
CZM: σmax=50 MPa, Gc=257 J/m2, ∆=3.6 mm.) 
 
Figure 5 Load versus displacement curve for CFRP DCB test. The experimental results 
are compared with the analytical and CZM/FEA model. (The crack initiation 
points as predicted by the CZM/FEA model as a function of σmax are shown 
by .) 
Figure 6 Comparison of computed and analytical )/( h∆  values as a function of σmax. 
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Figure 9 Effect of the value of σmax on the  load versus displacement for the 
adhesively-bonded TDCB test as predicted via CZM approach. (In the CZM: 
Gc= 598 J/m2.) 
Figure 10 Peel test experimental set up. 
 
Figure 11 90° peel test: Two-parameter characterisation of the fracture process and 
experimental data (N=0.22). 
 
Figure 12 Geometry at contact point in the peel test. 
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Figure1. The cubic polynomial traction versus separation law used for the cohesive zone 
model. 
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Figure 2. Sketch of the double-cantilever beam (DCB) test for a carbon-fibre reinforced-
plastic (CFRP) material. 
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Figure 3 Load versus displacement relationship for the CFRP DCB test specimen. Points 
are experimental and the solid line is the theoretical initial stiffness from the 
analytical approach, Equation (9). (Initial crack length, ao = 22 mm.) 
 
 
 30 
 
 
0
50
100
150
0 1 2 3 4 5 6
0.5 mm
0.05 mm
0.005 mm
Experimental
Ap
pl
ie
d 
Lo
ad
 (N
)
Load Line Displacement (mm)
Program crashed 
for 0.05 mm
 
 
 
Figure 4. Effect of mesh size on the load versus displacement relationship for the CFRP DCB 
tests as predicted via the CZM/FEA approach. The thickness, h, of the arm is 1.55 
mm, and the size of the cohesive elements are 0.5, 0.05 and 0.005 mm 
corresponding to 7, 72 and 720 elements in the damaged zone. (In the CZM: 
σmax=50 MPa, Gc=257 J/m2, ∆=3.6 mm.) 
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Figure 5 Load versus displacement curve for CFRP DCB test. The experimental results are 
compared with the analytical and CZM/FEA model. (The crack initiation points as 
predicted by the CZM/FEA model as a function of σmax are shown by .) 
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Figure 6. Comparison of computed and analytical )/( h∆  values as a function of σmax. 
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Figure 7. Geometry of the adhesively-bonded tapered double-cantilever beam 
(TDCB). m=2 mm-1 
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Figure 8. FEA model of adhesively-bonded Tapered Double Cantilever Beam (TDCB) 
specimen. (All dimensions in mm.) 
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Figure 9. Effect of the value of σmax on the  load versus displacement for the adhesively-
bonded TDCB test as predicted via CZM approach. (In the CZM: Gc= 598 J/m2.) 
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Figure 10: Peel test experimental set up. 
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Figure 11. 90° peel test: Two-parameter characterisation of the fracture process and 
experimental data. 
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Figure 12. Geometry at contact point in the peel test. 
 
 
 
 
 
 
 
 
  
